We study spin interactions between two moving D-branes using the GreenSchwarz formalism of boundary states. We focus our attention on the leading terms for small velocities v, of the form v 4−n /r 7−p+n (v 2−n /r 3−p+n ) for p-p (p-p+4) systems, with 16 (8) supercharges. In analogy with the standard G-S computation of massless four-point one-loop amplitudes in Type I theory, we show that the above terms are governed purely by zero modes, massive states contributions cancelling as expected by the residual supersymmetry. This implies the scale invariance of these leading spin-effects, supporting the relevant matrix model descriptions of supergravity interactions. As an application, we give a string derivation of the D0-brane gyromagnetic ratio g = 1.
I. INTRODUCTION
It is undoubt that D-branes [1] play at present a key role in the description of all nonperturbative phenomena in string theory. This has motivated the study of their dynamics [2] [3] [4] [5] [6] in different configurations and space-time dimensions; in particular, the so-called boundary state formalism [7, 8] has proven to be a powerful tool for studing these problems, and has been succesfully applied to a number of problems, both in the covariant [9] [10] [11] [12] [13] [14] [15] [16] and light-cone [17] [18] [19] [20] formulations. However, since D-branes are usually analyzed in a semiclassical context, being heavy massive solitons at weak string coupling constant, most of these works considered their interactions in the approximation in which D-branes do not carry any spin.
The conjecture of [21] that the dynamics of M-theory in the infinite momentum frame is governed by the degrees of freedom of a large number of D0-branes further motivated the study of D0-brane dynamics. In particular, their spin-dependent long-range interactions have been computed through duality arguments, mapping the scattering of D0-branes to that of fundametal KK states [22] . In ref. [23] , spin effects for generic p-branes have been analyzed in the Green-Schwarz formalism, by inserting broken supercharges in the partition function of two branes moving past each other. The structure of these interactions was then considered in a long range regime through the technique of boundary states and at short distances through a one-loop annulus analysis. This last open string point of view showed, in particular, how for a D p-brane all the terms of the form v 4−n /r 7−p+n with n = 0, ..., 4, i.e.
all the spin-effects associated to the universal v 4 /r 7−p interaction, are determined purely by the open massless string states, meaning then that a one-loop m(atrix) theory computation should be able to reproduce long range spin-dependent supergravity interactions. This has been indeed explicitly shown in [24] for the spin-orbit v 3 /r 8 coupling.
Aim of this paper is to extend and the results obtained in [23] . We will still work in the Green-Schwarz formalism of the boundary state. The choice of this formalism is justified by the huge simplification that takes over and that allows to compute spin effects basically by a simple analysis of zero modes, as we will see.
We want then to study interactions between two branes moving with small relative velocity v and at an impact parameter b. We consider in the following supersymmetric configurations associated to the case of parallel p-p and p-p+4 systems of D-branes. Being interested only in leading effects for small velocity, we will not compute the full partition function associated to the configuration of two moving branes, but simply correlation functions of vertex operators, corresponding to the velocity, on the boundary of the world-sheet, together with insertions of broken supercharges encoding spin dependences. The approach we follow to compute n-point functions in the boundary state formalism is that derived by [7, 8] . It is crucial to point out, however, that the results we obtain are exact for the particular terms considered, being given by a full string computation, in analogy with one-loop 4-point functions between massless states of Type I theory in the G-S formalism [25] . In this context it is trivial to see some important issues. A p-p (p-p+4) system leaves unbroken sixteen (eight) supercharges meaning that our action will admit eight (four) fermionic zero modes S a 0 , in the notation of [25] . Since, as we will see, each insertion of a vertex operator associated to the velocity provides at most two of them, it follows that the potential between branes starts respectively with v 4 (v 2 ). On the other hand, the insertion of broken supercharges can allow non-vanishing results for terms with less powers of v, providing the lacking fermionic zero modes. Moreover, as has been shown in [19, 23] and will be seen again in some detail, the insertion of supercharges induces polarization-dependent non-minimal couplings between D-branes, i.e. spin-effects. Alternatively, being all these terms related by supersymmetry [22] , it is natural that they are produced by insertion of supercharges.
The main point we want to stress here is that for the amplitudes we consider, associated to the v 4−n /r 7−p+n terms discussed before * , our results will be governed by zero modes only, since massive non-BPS bosonic and fermionic string states contribution will always precisely cancel. This implies that the present results, that for large brane separations have a clear interpretation as spin-dependent interactions, due to supersymmetry, are valid at all scales and can be extrapolated to the substringy regime where, according to [6] , the dominant degrees of freedom are given by the massless open string states living on the branes. This assertion, valid for both the p-p and p-p+4 system, shows, among other things, that several tests performed until now to the proposal of [21] , involving an agreement between oneloop super Yang-Mills computation and classical supergravity, are basically determined by supersymmetry.
As an application of these results, we present a simple computation that allows to uniquely fix the value of D0-brane's gyromagnetic ratio g to one. This is consistent with their conjectured [26] 11-dimensional KK origin and interpretation as solitonic solution of 10-dimensional IIA supergravity, as recently discussed in ref. [27] .
The structure of this paper is as follows. In section 2 and 3 we review the main properties of G-S boundary states [18] , introduce the set-up of the computation, and report one-point functions of higher spin boundary states with massless closed string states. In section 4 and 5, we compute spin-dependent interactions associated to the p-p and p-p+4 parallel brane configurations, and in section 6 the field theory interpretation of our results is given, together with the g = 1 derivation for 0-branes. In last section we give some conclusions, and we report in appendix the light-cone computation of the standard phase-shift for two moving D-branes.
II. BOUNDARY STATE FORMALISM
In this section we shall briefly review the boundary state description of spinning Dbranes [23] in the G-S formalism [18] . Consider type II theory in the light-cone gauge 
with similar expressions for the right moving ones.
Dp-branes as defects can be described by suitable boundary states, implementing the usual Neumann-Dirichlet boundary conditions. In this frame, the two light-cone directions ± = 0±9 satisfy automatically Dirichlet boundary conditions while the transverse directions i = 1, ..., 8 can have either Neumann or Dirichlet boundary conditions. Since the time satisfies Dirichlet boundary conditions, we are actually dealing with Euclidean branes; however following [23] , we can identify the "time" with one of the transverse directions, say X 1 . The usual metric is then recovered through a double analytic continuation 0 → i1, 1 → i0 in the final result. We can therefore include in our analysis only branes with p = −1, ..., 7. The BPS boundary state is defined to preserve a combination of left and right supersymmetries
where
The boundary conditions are [18] (α with
Consistency with the BPS condition implies the M's to be orthogonal matrices related by triality
which yields
The solution for the boundary state can then be found in a standard way as the eigenstate of the boundary conditions eqs.(2.1), and is written as
the zero mode part being
The complete configuration space boundary state is
and V p+1 is the space-time volume spanned by the p-brane. With these normalizations, the static force between two parallel branes is given by
is the Hamiltonian in the light-cone gauge. The term i∂ + represents the substraction of p − (remember that in this gauge the effective Hamiltonian is H − p − ) and when applied to the boundary state, it reproduces simply the covariant p 2 . The factor 1/16 is needed to normalize correctly the D-brane charge; indeed, from eq.(2.7) we obtain
where the factor (8 − 8) is due to the trace performed on the zero mode part of the boundary state, eq.(2.5). Performing the momenta and modulus integrations, one finds
is the tension of a p-brane in units of the ten-dimensional Planck constant k 2 of Type II supergravity [1] and G d ( x) is the massless propagator of a scalar particle in d-dimensions
The generalization of the cylinder amplitude to the case of finite constant relative velocity v between two branes is reported for completeness in the appendix.
III. SUPERSYMMETRY AND HIGHER SPIN BPS STATES
As we have seen, Dp-branes correspond to solitonic BPS saturated solutions of Type IIA(B) supergravity, which preserve one half of the supersymmetries. The remaining half is realized on a short-multiplet containing 256 p-brane configurations lying in the 44+84+128 representations of the little group SO(9) for massive states. The various components of the short-multiplet are related by supersymmetry transformations generated by the 16 broken supercharges.
In the formalism of previous section, the boundary state represents the semiclassical source formed by the "in" and "out" branes; its overlap B|Ψ with a string state |Ψ represents semiclassical 3-point functions as shown in figure 1. Different components of the supermultiplet spanned by these sources, are obtained by applying supersymmetry transformations to the scalar boundary state |B through the operator
We have used the SO(9) notation ǫ = (η a ,η˙a) and Q − = (Q a − , Q˙a − ). Different components of the supermultiplet, corresponding to the possible independent ǫ's, can be thought as the semiclassical multipole expansion of the source. In particular, terms in U|B with an even (odd) number of Q − describe couplings to bosonic (fermionic) closed string states Ψ B (Ψ F ).
We shall restrict ourselves to terms with an even number of supercharges, the relevant for the study of semiclassical D-brane dynamics in the eikonal approximation. For instance, the usual boundary state corresponds to the universal part of the source, whereas applying two charges one obtains the part of the source due to angular momentum, and so on. As we are going to see in the following, the field theory counterpart of this source expansion is a power series in the transfered momentum, each momentum corresponding to the insertion of a pair of supercharges.
Among the different terms in expansion (3.1) we will always work out the ones with an equal number of dotted-undotted SO(8) components (η a Q a −ηȧ Q˙a − ) n . All the other terms simply combine to reconstruct the covariant answer. We consider then boundary states of the form:
The first interesting information we can extract from these higher spin boundary states is about their couplings to the massless bulk fields. This analysis for the D-instanton case was performed in the covariant NS-R formalism in ref. [19] . The formulae displayed in this section are "T-dual" versions of the ones reported in that reference.
In the following, we consider only terms with up to eight supercharges, n = 0, ..., 4, in eq. (3.2) . This covers all the physical information relevant to our considerations. The onepoint functions of the massless bosonic states of NSNS and RR sectors (in R-NS terminology) are obtained simply by computing the boundary state overlap
with the massless NSNS and RR closed string states
indicates the massless content of (3.2)
is completely antisymmetric since the S −a 0 's anticommute between each other. Using the boundary conditions eqs.(2.1), we can express everything in terms of the left-moving modes only:
Using the Fiertz identity
we can further rewrite eq.(3.6) in terms of the SO(8) generators
We are then left with the effective operator
In this way, we can use standard results for Type I theory. The R ij 0 generators are represented in the 8 s and 8 v representations by
and some simple algebra leads to
The 1-point functions can then be written as (up to numerical and α ′ factors)
Eqs.(3.10) and (3.11) contain all the non-minimal couplings of D-branes with the massless bosonic states of the corresponding supergravity theory. In particular, for even n the boundary state couples potentially to the NSNS components φ, g µν , g IJ and b µI (µ, ν and I, J denoting Neumann and Dirichlet directions respectively), and to the remainig NSNS fields for odd n, as can be seen using the symmetry properties of ω i 1 ...i 2n . As a source of RR fields, we can see that non-minimal couplings arise from the non-vanishing gamma-traces in eq.(3.11), corresponding to forms with k = p + 1 − 2n, ..., p + 1 + 2n. The specific form of these couplings depends on the polarization details and will be explicited for the first terms in the following.
The first universal NSNS coupling is just
We see that any p-brane couples to a specific linear combination of the dilaton φ and the diagonal graviton polarizations g 11 ...g p+1,p+1 , as it must be for an object with definite mass density ‡ (remember that g 11 → −g 00 after analytic continuation). The RR coupling is
The gamma-trace vanishes unless k = p+1, giving the usual Dp-brane charge. The covariant expressions of eqs.(3.12) and (3.13) is
where Γ are SO(1, 9) gamma-matrices, M νµ is the covariant extension of eq.(2.2), with diagonal entries only, -1 and +1 in Neumann and Dirichlet directions respectively, and
The first non-minimal NSNS coupling is given by
where we have used the fact that q j ξ ij = q i ξ ij = 0 and q k M kj = q j (there is a non-vanishing momentum transfer only along the Dirichlet directions). As anticipated, eq.(3.14) represents a non-minimal coupling of the brane with the antisymmetric tensor and graviton polarizations b µν , b IJ and g µI . The covariant expression of eq.(3.14) is simply
where ψ is the fermionic parameter associated to the broken supersymmetry. The corresponding RR coupling is
where still the completely antisymmetric part in the fermion bilinear is the only nonvanishing contribution, since q
= 0. The covariant form of eq.(3.16) is ‡ The only exception is the D-instanton that has at this order only the coupling to the dilaton
The next coupling is Ψ
, that is The RR coupling is
Using again the gauge condition q
= 0 and after some manipulations, it is not difficult to put eq.(3.20) into the form
whose covariant expression reads
Following the same procedure, it is possible to write down all the other terms.
IV. SPIN EFFECTS FOR THE P-P SYSTEM
Let us consider now spin interactions between two parallel slowly moving Dp-branes with impact parameter b. Recall that we identify the "time" with X 1 ; accordingly, the boundary state of a brane moving with velocity v i is obtained from the static one by applying the boost operator e iv i J 1i [11] , where
where now S is just the left-moving part of the world-sheet spinor. The same operator (4.1) could also have been derived from that of photons in Type I theory with a constant field strength background after a T-duality transformation [2] .
As discussed in the introduction, leading orders in the expansion in powers of v can be read from correlations including the appropriate power of V B insertions in the static branebrane potential eq.(2.7). Before going on, it is important to point out that in computing leading orders of velocity-dependent potentials through correlation functions, we can actually directly extract potentials from the corresponding phase-shifts by simply dropping the overall time factor; this can be easily understood remembering that the bosonic coordinates along the velocity direction are not twisted and, according to eq.(2.6), the resulting zero mode integration turns then the phase shift into the potential, evaluated at the space-time T = 0, i.e. the time when the two D-branes are passing one each other at distance b.
Given these preliminaries, we can evaluate correlation functions involving in general n V B 's and m V η 's. The corresponding amplitudes are given by
where the n! comes from the expansion of the boost operator. There is an evident analogy between eq.(4.2) and four-point 1-loop amplitudes of massless states, in Type I string theory in the G-S formalism. In particular, the zero mode trace is vanishing unless all the eight zero modes S 0 are inserted [25] , i.e.
where the trace and matrix multiplication in both terms are over the vectorial and spinorial indices. Since V B , as well as V η , provides at most two of them, a total of n + m ≥ 4 vertex insertions is needed in order to get a non-zero result. The first non-vanishing trace is
where "perm." means permutations of the pairs (i 2n−1 i 2n ) plus antisymmetrization within all the pairs.
We will consider in the following the special case n + m = 4. This corresponds, for a fixed m, to the leading order in the velocity of the associated spin potential. The interest of this case lies in the fact that, being determined only by the fermionic zero mode part of both vertex insertions V B and V η , massive string contributions precisely cancel, exactly as in eq.(2.8). These amplitudes are therefore scale invariant, in the sense that their dependence on the distance b is exact, keeping the same functional form at any finite distance. In the following, expressions similar to eq.(4.2) will be denoted simply by A n ≡ V n B V 4−n η , in order to light the notation. We wrote in eq.(4.2) all the supercharges applied to the same boundary state; being fixed simply by a zero modes analysis, the computation will not depend on the choice of the boundary, whereas the physical interpretation as polarization effects will be different. The polarizations of the two D-branes are indeed given by the supersymmetric parameters η a 1 , η˙a 1 and η a 2 , η˙a 2 associated to the two boundaries, as shown in figure 3 . From the above analysis, it follows that a non-vanishing result is obtained only when we pick up the fermionic part of the operator (4.1) and in particular the zero modes for each operator S. The computation is straightforward and the result is
As well known, possible contributions to a static force or to v 2 -potentials are absent due to a compensation between the gravitational and dilatonic fields (attractive) and the RR A p+1 field, that for two Dp-branes is repulsive, of course. In this formalism, it is immediately clear that supersymmetry implies a contribution starting only like v 4 .
The first spin effect is given by A 3 = V 3 B V η ; going through the same steps and after some simple algebra, one obtains
that represents a spin-orbit like coupling between branes. From eqs.(3.10) and (3.11) we can derive the NSNS and RR polarizations of the exchanged states, responsible of these nonminimal couplings. In order to perform the analytic continuation of eq.(4.6) to Minkowskian coordinate, it is convenient to write covariantly the termηγ 1ij η, whose SO(1, 9) expression isψΓ 1µν ψ. Performing the rotation we obtain iψΓ 0µν ψ, and sending v i → iv i leads finally
The next spin effect is
η ; in this case we have to distinguish two possible configurations, depending to which boundary state we apply the supercharges:
These two contributions can be written as
..q in We do not report the explicit relations that are lengthy and not very interesting, as well as the analytic continuation. The remaining spin effects are
and the static force
In all these cases the one-point functions considered in last section allows to see which are, in each configuration, the massless string excitations responsible of all these polarization effects.
V. SPIN EFFECTS FOR THE P-P+4 SYSTEM
Let us now consider spin potentials for parallel p-p+4 brane configurations. Like more general p-q systems with mixed Neumann-Dirichlet boundary conditions in four directions, these BPS configurations preserves 1/4 of the initial supersymmetries, rather than the 1/2 for the p-p system. This residual supersymmetry protects as before the leading order term in the velocity from higher massive modes contributions; however, unlike the p-p system, the reduced amount of supersymmetry allows now a non-trivial metric in the Dp moduli space. In particular the D0-D4 system, studied in [6] , was proposed in [28] as a matrix description for the scattering of an eleven dimensional supergraviton off the background of a longitudinal fivebrane. The aim of this section is to study the leading spin dependence of the potential felt by slowly moving p-branes in the p+4 background. The relevant zero mode traces are in this case of the form
where O is a product of R ij 0 arising from the zero mode part of the V B and V η vertex insertions and
By simple inspection of eq.(5.1), using the matrices (5.2) and the representation of the operators (3.8), we get vanishing traces for O = 1, R ij 0 . The first non trivial result is
where by "perm." we mean as before an antisymmetrization within each pair (i 1 , i 2 ), (i 3 , i 4 ) and symmetrization under the exchange of each of these pairs.
The relevant amplitudes describing leading spin-effects are then
where the total number of vertex insertions now is two providing the four zero modes required to get the first non-trivial result from eq.(5.3). The rest of the computation follow the lines of last section. We are left with the universal term
and the leading spin potentials
The appearence of T p+4 and G 5−p instead of the T p and G 9−p for the p-p system is due to the lack of four Dirichlet-Dirichlet transfered momentum integrations.
We recall that eqs.(5.5) and (5.6) are exact to any order in the brane separation b. Of course this is a peculiar property only of these leading order terms and of the supersymmetric p-p, p-p+4 configurations. Higher order terms or more general brane configurations will involve contributions from the oscillator part of the vertices (4.1), (3.3) described by modular functions with non-trivial transformation properties which in general distinguish the large and short distance behaviors. We should say however that this property is shared by an amount of interesting systems. Trivial extensions of these results are given indeed by intersecting branes with four Neumann-Dirichlet boundary conditions, which are related by T-duality transformations to the p-p+4 case considered here. Several other examples of systems preserving some supersymmetries admit matrix model descriptions of their long range dynamics; we believe that a zero mode analysis of these systems along the lines of this paper should show that this is always the case. In other words, different brane configurations represented as fluxes in the world-volume theory, which leave unbroken some of the supersymmetries always admit a supergravity description in terms of massless closed string states and both pictures, valid in completely different ranges, agree in their results.
VI. FIELD THEORY INTERPRETATION AND D0-BRANE GYROMAGNETIC RATIO
In the present section we want to discuss the field theory interpretation of some of our results for the interesting case of the D0-brane. In particular we want to show how a semiclassical analysis can be used to establish in a simple way the value of the gyromagnetic ratio g associated to D0-branes. According to [29, 27] , massive Kaluza-Klein states present a common value g = 1, contrarily to the usual and "natural" [30] [31] [32] value g = 2 shared by all the known elementary particles (neglecting radiative corrections, of course). This particular signature of Kaluza-Klein states can be useful to establish the 11-dimensional nature of D0-branes, implying g = 1. This consistency check has been recently performed in [27] considering D0-branes as extended extremal 0-brane solution of IIA supergravity.
We present an alternative and independent argument that relies on the "stringy" nature of D0-branes; in particular, we show that g = 1 § is the only possible value compatible with the cancellation of the linear term in velocity in the first spin effect, eq.(4.6). * *
Recall that the asymptotic fileds for a 0-brane with ADM mass M, charge Q, angular momentum J ij and magnetic moment µ ij are (in the string frame and in units in which Q and M have the same dimensions):
where κ 2 is the 10D Planck constant and i, j run now from 1 to 9. We have simply used the general result valid in D-dimensions derived by [33] and adapted to the usual D0-brane solution [34] to carefully fix the relative normalization of all the fields. Plugging these fields into the effective lagrangian for a scalar 0-brane probe
moving with constant velocity v = tanh πǫ, X 0 (τ ) = τ cosh πǫ, X i (τ ) = τv i sinh πǫ, one finds in the weak field limit κ 2 → 0 (and dropping the constant term):
Introducing the charge-mass ratio α and the gyromagnetic factor g such that § See [27] for the natural definition of g to arbitrary dimensions. * * Actually the fact that the value of g is related to the cancellation of the leading term linear in v was implicit in ref. [23, 24] , even if its significance was not completely recognized.
one finds finally
The characteristic small v behaviour we found in last section
implies α = 1 (from the universal part) and g = 1 (from the spin-orbit part). With those values eq.(6.5) corresponds to the leading correction to the effective action computed in [23] .
We would finally comment on how our boundary state formalism for describing higher spin Dp-branes is related to the supergravity description, where D-branes appear as solitonic solutions. The usual Dp-brane supergravity solutions are obtained in our formalism by interpreting amplitudes like eq.(4.4), as the slow motion eikonal approximation of a brane on the background created by the other, considered as a source. In particular, computing separately the NSNS and RR contributions of (4.4), eq.(6.2) allows to precisely fix the value of the asymptotic fields in the given configuration. This procedure is of course valid for all the other spin terms, related to the universal one by supersymmetry. The value of the asymptotic fields found in these cases corresponds to the supergravity solutions obtained by taking supersymmetric variations of the usual ones, as has been explicitly done in [27] by applying two supersymmetry transformations to the D0-brane solution.
VII. CONCLUSIONS
We studied in the present paper interactions between brane configurations associated to two parallel p-p and p-p+4 branes, using the Green-Schwarz boundary state formalism. We found explicit expressions for spin-dependent interactions between moving branes. Our general strategy can be summarized as follows: instead of considering the full configuration of moving branes, where supersymmetry is broken, we perturbed through appropriate vertex operators the supersymmetric vacuum associated to the static p-p (p-p+4) system, allowing in this way to easily derive important results on the structure of leading interactions. The string theory computation of these terms collapses to its zero mode contribution, supporting the equivalent description in terms of either the open (matrix model) or closed (supergravity) massless degrees of freedom. The scale invariance of all these spin-dependent terms for brane systems with 16 (8) supercharges is the main result of this work. We believe that a similar analysis can be carried out also for more general supersymmetric configurations including for instance branes intersecting at angles or bound states of branes. As an application, we computed the g = 1 gyromagnetic ratio, providing a further consistency check of the identification of D0-branes, as points on which open strings can end, with Kaluza-Klein modes of 11-dimensional supergravity.
A further major step in the understanding of these issues in D-brane dynamics would be to perform a similar analysis at higher loops. Such a computation would be crucial to better understand from a string point of view the results quoted in [35, 36] , where the v 6 potential arising at two loops in the super Yang-Mills effective action was shown to agree with the corresponding long range correction. It should be pointed out, however, that the light-cone formalism we used becomes ackward at higher loops, being affected by several disadvantages.
Closed string channel
The moving boundary state can be obtained from the static one, eqs. (2.4)-(2.6), by performing a Lorentz transformation with negative rapidity ǫ. As explained, this will be performed in Euclidean space-time by a transverse rotation generated by the operator
Taking the velocity in the X 8 direction, we have to compute |B v = e ivJ 18 |B . The zero mode part of J
18
B breaks translational invariance along the X 8 direction and turns eq.(2.6)
with q 
where Σ(v) is the appropriate representation of the SO(8) rotation:
After diagonalizing γ 18 with a suitable global SO(8) rotation of S a n andS a n , the cylinder amplitude between two Dp-branes moving with relative velocity v is found to be
The zero mode part Z which coincides with the well known result of ref. [2] after using the Riemann identity and the modular transformation t → 1/t.
Open string channel
We compute now the phase-shift from the standard [2] open channel point of view in the light-cone gauge. The X + and X − coordinates are here Neumann, as usual (and not Dirichlet as before), and we could in principle consider only p-branes with p ≥ 2, although the final result is clearly extendable to all branes.
Similarly to ref. [2] , the action for two moving branes in the frame where one of them is at rest, is given by:
Varying this action, we require the boundary term to vanish and solve for the constraint; for the bosonic coordinates the result is identical to that of ref. [2] (with ǫ → iǫ), while the fermionic boundary conditions are found imposing δS a = −iM aḃ δS˙b The result is: (A.10)
where P ± = 1/2(1 ± iγ 12 ).
The fermionic part of the normal ordered light-cone Hamiltonian P − is then Note that since the S n modes are space-time fermions, they are twisted by ǫ/2, whereas the bosonic coordinate present a twist of ǫ. This implies that the eight ǫ/2-twisted fermions and the two ǫ-twisted bosons give a total contribution to the Hamiltonian equal to
As before, we can perform an SO(8) rotation to the S n oscillator modes to put the S −n iγ 12 S n term in a diagonal form; the total Hamiltonian P − takes then the following form: (1 − e −πt(n+ǫ/2) ) 4 (1 − e −πt(n−ǫ/2) )
4
(1 − e −πtn ) 6 (1 − e −π(n+ǫ)t )(1 − e −π(n−ǫ)t )
The trace over the zero modes S 0 yields Tr S 0 e −iπtǫR 12 = 16 sinh 4 πtǫ 4 (A.15)
Performing finally the integral over the momentum, the result can be written in terms of ϑ-functions as: 
